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We consider the field renormalization group (RG) of two coupled one-spatial dimension
(1D) spinless fermion chains under intraforward, interforward, interbackscattering and
interumklapp interactions until two-loops order. Up to this order, we demonstrate the
quantum confinement in the RG flow, where the interband chiral Fermi points reduce
to single chiral Fermi points and the renormalized interaction couplings have Luttinger
liquid fixed points. We show that this quasi-1D system is equivalently described in terms
of one and two-color interactions and address the problem of quantum anomaly, inherent
to this system, as a direct consequence of coupling 1+1 free Dirac fields to one and two-
color interactions.
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1. Introduction
Luttinger liquids, characteristic of strongly correlated electron systems in one spatial
dimension (1D), represent one of the most interesting examples of non-Fermi liquid
behaviour, with intricate physical properties without counterpart in higher dimen-
sions, as spin-charge separation 1,2 and direct correspondence to bosonic excitations
4. It is a fundamental problem for quantum phase transitions in strongly correlated
systems the crossover between a Luttinger liquid state and a Fermi liquid. When this
occurs, the degrees of freedom of the system are reduced in 1D. Important systems
as the edges of quantum Hall systems, quantum wires and high-Tc superconductors
are related to the typical behaviour of Luttinger liquids. Intermediate between 1D
and two spatial dimensions (2D), the coupling among 1D chains forms a quasi-1D
system, that can serve as a prototype for the phenomenon of confinement 5 and the
study of CuO, CuO2 compounds associated to high-Tc superconductors
6. As in 1D
case, the Fermi surface of quasi-1D systems consist of discrete Fermi points, a set
of Fermi points that form a discrete Fermi surface, in constrast to 2D and higher
dimensions where the Fermi surface is continuous or a set of continuous 7.
∗ERRATUM: Co-authorship A´lvaro Ferraz removed under request.
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Here, we consider a quasi-1D system of spinless fermions under intraforward,
interforward, interbackscattering and interumklapp interactions. For a linearized
dispersion relation, the intra and interband interactions terms act as an external
field perturbation and the system as a whole behaves as free 1 + 1 Dirac fields
under an external field. As a consequence, the system presents an inherent chiral
anomaly, as in the case of a 1 + 1 Schwinger model 13,14, that is a result of the
simultaneous requirement of vector current conservation (charge conservation) and
axial current conservation (chiral symmetry) under vector and axial gauge transfor-
mations, respectively, appearing in the Ward-Takahashi identities in the one loop
(1-loop) bubble polarizations with intra and interforward interactions 3.
Applying a full field renormalization group (RG) until two loops (2-loops) or-
der, taking into account a renormalization procedure that include the renormalized
interband Fermi points in the physical prescription, we will derive the appropriate
bare and renormalized quantities that lead to the set of RG flow equations including
the renormalized interband Fermi points and the quasiparticle weight, considering
the physical prescriptions of the one and two-particle irreducible functions until
2-loops order at the Fermi surface. In 2-loops, the role of the quasiparticle weight
Z and the corresponding anomalous dimension γ turns to be important in both
self-energy and scattering channels, leading to physically important contributions
to the physical properties of the system 18,2,20,21,19,22,25, as a consequence we
move forward in the previous results 8,9, investigating the reduction of the renor-
malized interband chiral Fermi points to single renormalized chiral Fermi points.
Taking into account the consistence with Ward-Takahashi relations, we will show
that the quasi-1D system of two-coupled spinless fermions chains under intrafor-
ward, interforward, interbackscattering and interumklapp interactons can be equiv-
alently described as 1+1 free Dirac fields coupled to one and two-color interactions,
deriving the corresponding Ward-Takahashi identities 15,16,12 and addressing the
problem of quantum anomaly as a direct consequence of coupling 1+1 free Dirac
fields to one and two-color interactions.
2. Two 1D coupled chains
The system of two coupled 1D spinless fermions chains is characterized by a trans-
verse hopping t⊥ that couples the two 1D chains
25,26 and the usual 1D chain
intra-hopping term t (figure 1)
Hˆ0 = −t
∑
<i,j>
(
cˆ†i,1cˆj,1 + cˆ
†
i,2cˆj,2 + h.c.
)
− t⊥
∑
i
(
cˆ†i,1cˆi,2 + h.c.
)
, (1)
where i and j are neighbouring sites, 1 and 2 are the chain labels, cˆ† and cˆ are
the criation and annihilation operators in the respective sites and chains. We can
write the momentum space representation of the operators cˆ† and cˆ by means of
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Fig. 1. (Color online) Scheme of two coupled 1D chains.
the following Fourier transform
cˆi,1 =
1√
N
∑
k
e−ikxi cˆk,1, (2)
cˆi,2 =
1√
N
∑
k
e−ikxi cˆk,2. (3)
It follows that we can write
cˆ†i,1cˆj,1 =
1
N
∑
k,k′
eik
′xie−ikxj cˆ†k′,1cˆk,1. (4)
Considering the sum in the first neighbours xj = xi + a or xj = xi − a, where a is
the constant lattice spacing,∑
<i,j>
cˆ†i,1cˆj,1 =
∑
i
(
cˆ†i,1cˆi+1,1 + cˆ
†
i,1cˆi−1,1
)
. (5)
By summing the expressions
cˆ†i cˆi+1 =
1
N
∑
k,k′
e−i(k−k
′)xie−ikacˆ†k′ cˆk, (6)
cˆ†i cˆi−1 =
1
N
∑
k,k′
e−i(k−k
′)xieikacˆ†k′ cˆk (7)
and using the relation
1
N
∑
i
e−i(k−k
′)xi = δkk′ , (8)
the equation (5) can be rewritten as∑
<i,j>
cˆ†i,1cˆj,1 = 2
∑
k
cos(ka)cˆ†k,1cˆk,1. (9)
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The hamiltonian (1) is then written as
Hˆ0 = −2t
∑
k
cos(ka)
(
cˆ†k,1cˆk,1 + cˆ
†
k,2cˆk,2 + h.c.
)
− t⊥
∑
i
(
cˆ†i,1cˆi,2 + h.c.
)
. (10)
Now we can treat the term due to the coupling between the two chains. From the
transforms (2) and (3), we arrive at
cˆ†i,1cˆi,2 =
1
N
∑
k,k′
eik
′xie−ikxi cˆ†k′,1cˆk,2. (11)
Then, from (8), we have,
Hˆ0 = −2t
∑
k
cos(ka)
(
cˆ†k,1cˆk,1 + cˆ
†
k,2cˆk,2 + h.c.
)
− t⊥
(∑
k
cˆ†k,1cˆk,2 + h.c.
)
. (12)
We see that the coupling term forbids the direct diagonalization of the hamiltonian.
This problem can be solved by means of the following canonical transformation
bˆk =
cˆk,1 + cˆk,2√
2
(13)
aˆk =
cˆk,1 − cˆk,2√
2
(14)
which can also be written in the inverse form
cˆk,1 =
bˆk + aˆk√
2
(15)
cˆk,2 =
bˆk − aˆk√
2
(16)
By using (15) and (16), we have
cˆ
†
k,1cˆk,1 =
1
2
(
bˆ
†
kbˆk + aˆ
†
kaˆk
)
+
1
2
(
aˆ
†
kbˆk + bˆ
†
kaˆk
)
(17)
cˆ
†
k,2cˆk,2 =
1
2
(
bˆ
†
kbˆk + aˆ
†
kaˆk
)
−
1
2
(
aˆ
†
kbˆk + bˆ
†
kaˆk
)
(18)
cˆ
†
k,1cˆk,2 =
1
2
(
bˆ
†
k′ bˆk − aˆ
†
kaˆk
)
+
1
2
(
aˆ
†
k′ bˆk − bˆ
†
kaˆk
)
(19)
cˆ
†
k,2cˆk,1 =
1
2
(
bˆ
†
kbˆk − aˆ
†
kaˆk
)
+
1
2
(
−aˆ
†
kbˆk + bˆ
†
kaˆk
)
. (20)
From (17), (18), (19) and (20), we can rewrite (24) in the diagonalized form
Hˆ0 =
∑
k
(−2t cos(ka)− t⊥) bˆ†kbˆk
+
∑
k
(−2t cos(ka) + t⊥) aˆ†kaˆk. (21)
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By defining the following dispersion relations
εbk = −2t cos(ka)− t⊥, (22)
εak = −2t cos(ka) + t⊥, (23)
we arrive finally at to the diagonalized form of the hamiltonian
Hˆ0 =
∑
k
(
εakaˆ
†
kaˆk + ε
b
kbˆ
†
k bˆk
)
. (24)
As a consequence, the presence of the coupling term divides the energy spectrum
in two bands (figure 2). We call the dispersion relation εak bonding band and ε
b
k
antibonding band. Note that the energy gap between the bonding and antibonding
bands is constant
∆ε = εak − εbk = 2t⊥. (25)
e2
t_-2 t cosHkaL
-t_-2 t cosHkaL
-2 t cosHkaL
-3 -2 -1 1 2 3
k
-3
-2
-1
1
2
3
eHkL
Fig. 2. (Color online) The blue line corresponds to a dispersion relation of the bonding band, εa
k
,
the red line corresponds to the antibonding band, εb
k
. The black line corresponds to a case without
hopping term t⊥.
Expanding the Taylor series of the dispersion relations for the bonding and
antibonding bands around the respective Fermi points kaF , −kaF , kbF e −kbF , at first
order, we arrive at linearized dispersion relations for the bond and antibonding
bands
εa+(k) =
dεa(k)
dk
|k=ka
F
(k − kaF ), (26)
εa−(k) =
dεa(k)
dk
|k=−ka
F
(k + kaF ), (27)
εb+(k) =
dεb(k)
dk
|k=kb
F
(k − kbF ), (28)
εb−(k) =
dεb(k)
dk
|k=−kb
F
(k + kbF ). (29)
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We can write the respective Fermi velocities
vaF =
dεa(k)
dk
|k=ka
F
= −dε
a(k)
dk
|k=−ka
F
(30)
vbF =
dεb(k)
dk
|k=kb
F
= −dε
b(k)
dk
|k=−kb
F
. (31)
Then from (30) and (31), we can write (33), (32), (35) and (34) as follows
εa+k = v
a
F (k − kaF ), (32)
εa−k = v
a
F (−k − kaF ), (33)
εb+k = v
b
F (k − kbF ), (34)
εb−k = v
b
F (−k − kbF ). (35)
Now, we can write the hamiltonian for the linearized two coupled 1D chains in terms
of fermionic fields ψˆαk, in the following form
Hˆ0 =
∑
k,α,s
εαskψˆ
α†
sk ψˆ
α
sk, (36)
where α = a, b is the color index, s = ± is the chirality index, corresponding tho
the left and right-hand sides, a is the bonding and b is the antibonding band.
This quasi-1D system is then characterized by two colors (a and b) and chirality
s given by left (−) and right-hand (+) side of chiral spinless fermions. By means of
a Legendre transform, we arrive at the following Lagrangean
L0 =
∑
k,α,s
ψ†αsk (k0 − εαsk)ψαsk, (37)
where the frequency k0 comes from a Fourier transform on time derivative. Alter-
nativelly, we can write this in the configuration space
L0 =
∫
d2xψα†s (~x) (i∂t − vF∂x + vF kαF )ψα†s (~x) (38)
Taking into account the 1 + 1 gamma matrices with upper-index γ0, γ1 and γ5 =
Fig. 3. (Color online) Linearized dispersion relations to the bonding band, εa
k
, in blue, and the
antibonding band, εb
k
, in red.
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γ0γ1,
γ0 =
(
0 1
1 0
)
, (39)
γ1 =
(
0 −1
1 0
)
, (40)
γ5 =
(
1 0
0 −1
)
, (41)
and the low-index γ0 = γ
0, γ5 = −γ5 and γ1 = −γ1,
γ1 =
(
0 1
−1 0
)
. (42)
Defining the pseudo-spinors ψ¯α = ψα†γ0,
ψα =
(
ψα+
ψα−
)
, ψα† =
(
ψα†+ ψ
α†
−
)
, (43)
where α = a, b, we can write the action as a 1 + 1 Dirac field with an additional
term. This can be easily seen, taking vF = 1, x
0 = t e x1 = x, with /∂ = γµ∂µ,
µ = 0, 1, such that the free action corresponding to the quasi-1D spinless fermions
chains can be written in the following form
S0 =
∑
α
∫
d2xψ¯α
(
/∂ + γ0vF k
α
F
)
ψα, (44)
that is particularly useful for the analysis of quantum anomaly when we couple the
band interaction terms.
3. Intraband and interband interactions
We consider all possible interactions with particles of opposite chirality that pre-
serve both chiral symmetry and realizes all possible color exchanges (a ⇆ b ex-
changes), reducing to spinless Luttinger liquids with interactions of type −ig2 and
without interactions of type −ig4 in the 1D limit1. Under this consideration, we
have four possible band interactions: intraforward, interforward, interbackscattering
and interumklapp (figures 4 and 5). The intraforward interaction is an intraband
interaction of type −ig2. The interforward −igF consists of a interband scattering
of oposite chirality without color exchange. The interbackscattering −igB is a scat-
tering of opposite chirality with color exchange, where the initial colors in opposite
chiralities are different. The interumklapp interaction −igU is a scattering of oppo-
site chirality with color exchange, where the initial colors in oposite chiralities are
the same. The interaction hamiltonian can be written as
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−ig0 −igF
−igU −igB
Fig. 4. (Color online) Intraband and interband interactions
−ig0 −igF
−igU −igB
Fig. 5. (Color online) Intraband and interband interactions (color exchange a⇆ b)
Hˆint =
1
2
∑
k,k′,q,s,α
g0ψˆ
α†
sk ψˆ
α†
−sk′ ψˆ
α
s(k+q)ψˆ
α
−s(k′−q)
+
1
2
∑
k,k′,q,s,α6=β
gF ψˆ
α†
sk ψˆ
β†
−sk′ ψˆ
α
s(k+q)ψˆ
β
−s(k′−q)
+
1
2
∑
k,k′,q,s,α6=β
gBψˆ
α†
sk ψˆ
β†
−sk′ ψˆ
β
s(k+q)ψˆ
α
−s(k′−q)
+
1
2
∑
k,k′,q,s,α6=β
gU ψˆ
β†
sk ψˆ
β†
−sk′ ψˆ
α
s(k+q)ψˆ
α
−s(k′−q),
(45)
where s = ± is the chirality index, α, β = a, b are the color indexes, and k, k′, q are
the corresponding moments involved in the interactions. The term of 1/2 it is due
to the explicit indroduction fo the chirality term s.
We can now write the total lagrangean corresponding to the model in the renor-
malized form, with the indroduction of the couterterms δZ, δg0,R, δgF ,R, δgB,R and
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δgU ,R,
LR =
∑
k,s,α
(1 + δZ)ψˆα†sk,R [k0 − εαsk] ψˆαsk,R
− 1
2
∑
k,k′,q,s,α
g0,Rψˆ
α†
sk,Rψˆ
α†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
gF ,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
β
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
gB,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
β
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
gU ,Rψˆ
β†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R,
− 1
2
∑
k,k′,q,s,α
δg0,Rψˆ
α†
sk,Rψˆ
α†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
δgF ,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
β
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
δgB,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
β
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
δgU ,Rψˆ
β†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R,
(46)
where the index R means renormalized and the counterterms δZ, δg0,R, δgF ,R,
δgB,R and δgU ,R correspond to the respective interactions, and the ψˆ’s are given in
terms of ~k = (k0, k).
The renormalized lagrangean (46) involves a prescription of renormalization. By
including into the prescription the Fermi moments and Fermi velocities, we have
to reserve couterterms also for such terms, i. e., for the Fermi velocity and Fermi
moment associated to each band, leading to a correction in in the free dispersion
relation εαsk. The free term is then renormalized into the following form
L0R =
∑
k,s,α
ψˆα†sk,R
[
k0,R − vF,R
(
sk − kαF,R
)]
ψˆαsk,R
+
∑
k,s,α
ψˆα†sk,R [k0,RδZ − skδvFR + vF,RδkαF ] ψˆαsk,R,
(47)
where we have counterterms associated to the Fermi velocity δvF,R and to the Fermi
moments δkαF . Note that for simplicity we consider the same Fermi velocity vF,R.
We can describe the couterterm associated to the Fermi velocity in terms of δZ, by
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means of the relation δvF,R = vF,RδZ. We can then write the previous lagrangean
in the following form
L0,R =
∑
k,s,α
ψˆα†sk,R
[
k0,R − vF,R
(
sk − kαF,R
)]
ψˆαsk,R
+
∑
k,s,α
ψˆα†sk,R [k0,RδZ − skvF,RδZ + vF,RδkαF ] ψˆαsk,R.
(48)
Now it involves a renormalized term εαsk,R = vF,R
(
sk − kαF,R
)
and the counterterms
associated.
The total renormalized lagrangean can be written with the explicit contributions
due to the couterterms
LR =
∑
k,s,α
ψˆα†sk,R
[
k0,R − εαsk,R
]
ψˆαsk,R
− 1
2
∑
k,k′,q,s,α
g0,Rψˆ
α†
sk,Rψˆ
α†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
gF ,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
β
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
gB,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
β
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
gU ,Rψˆ
β†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R,
+
∑
k,s,α
ψˆα†sk,R
[
k0,RδZ − skvF,RδZ + vF,RδkαF,R
]
ψˆαsk,R
− 1
2
∑
k,k′,q,s,α
δg0,Rψˆ
α†
sk,Rψˆ
α†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
δgF ,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
β
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
δgB,Rψˆ
α†
sk,Rψˆ
β†
−sk′,Rψˆ
β
s(k+q),Rψˆ
α
−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
δgU ,Rψˆ
β†
sk,Rψˆ
β†
−sk′,Rψˆ
α
s(k+q),Rψˆ
α
−s(k′−q),R.
(49)
The procedure of renormalization group realizes a modification in the fermionic
fields, relating to the bare fields by means of the following relation
ψˆαsk,R = Z
−1/2ψˆαsk,bare, (50)
where Z = 1 + δZ
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4. The bare quantities
The bare fields are fields invariant under the renormalization group, such that,
written in terms. In terms of such fields the lagrangean takes the following form
Lbare =
∑
k,s,α
ψˆα†sk,bare
[
k0,bare − εαsk,bare
]
ψˆαsk,bare
− 1
2
∑
k,k′,q,s,α
g0,bareψˆ
α†
sk,bareψˆ
α†
−sk′,bare
× ψˆαs(k+q),bareψˆα−s(k′−q),bare
− 1
2
∑
k,k′,q,s,α6=β
gF ,bareψˆ
α†
sk,bareψˆ
β†
−sk′,bare
× ψˆαs(k+q),bareψˆβ−s(k′−q),bare
− 1
2
∑
k,k′,q,s,α6=β
gB,bareψˆ
α†
sk,bareψˆ
β†
−sk′,bare
× ψˆβs(k+q),bareψˆα−s(k′−q),bare
− 1
2
∑
k,k′,q,s,α6=β
gU ,bareψˆ
β†
sk,bareψˆ
β†
−sk′,bare
× ψˆαs(k+q),bareψˆα−s(k′−q),bare, (51)
In this form, the lagrangean has the form of the non-renormalized model. It is in
fact equivalent to the renormalized model, such that using the relation (50) in (51),
we have
LR =
∑
k,s,α
Zψˆα†sk,R
[
k0,bare − εαsk,bare
]
ψˆαsk,R
− 1
2
∑
k,k′,q,s,α
Z2g0,bareψˆ
α†
sk,Rψˆ
α†
−sk′,R
× ψˆαs(k+q),Rψˆα−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
Z2gF ,bareψˆ
α†
sk,Rψˆ
β†
−sk′,R
× ψˆαs(k+q),Rψˆβ−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
Z2gB,bareψˆ
α†
sk,Rψˆ
β†
−sk′,R
× ψˆβs(k+q),Rψˆα−s(k′−q),R
− 1
2
∑
k,k′,q,s,α6=β
Z2gU ,bareψˆ
β†
sk,Rψˆ
β†
−sk′,R
× ψˆαs(k+q),Rψˆα−s(k′−q),R, (52)
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The equation (52) is identical to the equation (49) for the renormalized lagrangean,
where we have the following relations between bare and renormalized R quantities
Zk0,bare = k0,R + δZk0,R (53)
Zεαsk,bare = ε
α
sk,R + skvF,RδZ − vF,RδkαF,R (54)
Z2g0,bare = g0,R + δg0,R (55)
Z2gF ,bare = gF ,R + δgF ,R (56)
Z2gB,bare = gB,R + δgB,R (57)
Z2gU ,bare = gU ,R + δgU ,R (58)
From the equation (54), we also arrive at the following relations
ZvF,bare = vF,R + vF,RδZ = ZvF,R. (59)
It follows the relation vF,bare = vF,R and
ZkαF,bare = k
α
F,R + δk
α
F,R. (60)
Defining as ∆kF = k
b
F − kaF the difference between the Fermi points from the
bands b and a, we also can write such difference relating the bare and renormalized
quantities
Z∆kF,bare = ∆kF,R + δ∆kF,R, (61)
where we have defined δ∆kF,R = δk
b
F,R − δkaF,R.
5. Green’s functions
We now consider the free propagators written in the form k0,R − εαsk,R and the
Green’s functions associated to them
Gαs,R(
~k) =
θα>sk,R
k0,R − εαsk,R + iδ
+
θα<sk,R
k0,R − εαsk,R − iδ
,
(62)
where s = ± correspond to the chirality index, α = a, b correspond to the color
index and
θα>sk,R = θ(sk − kαF,R), (63)
θα<sk,R = θ(k
α
F,R − sk), (64)
are the corresponding step functions.
The figure 6 gives the Feynman rules for the free propagators. The Feynman
rules for the interactions couplings can be written in the figure 7.
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Ga+ =
Gb+ =
Ga− =
Gb− =
Fig. 6. (Color online) Feynman rules of the frees propagators.
−ig0 =
−igF =
−igB =
−igU =
Fig. 7. (Color online) Feynman rules for the couplings.
6. Energy-Momentum conservation, color exchanges and chiral
symmetry
As usual, we can represent the ~p = (p0, p) energy-momentum conservation in the
Feynman diagrams by means of the ingoing = outgoing relations
~pin = ~pout. (65)
On the other hand, the quasi-1D system with intraforward, interforward, inter-
backscattering and interumklapp interactions presents some unusual interesting
properties, corresponding to color and chiral indices.
Color exchanges are mediated by interband interactions. In the interforward
channel, there is no color exchange. In the interbackscattering and in the interumk-
lapp channels there is always color exchange, where in the interumklapp the initial
colors in oposite chiralities are the same and in the interbackscattering the initial
colors in oposite chiralities are different (figure 8). As a consequence of this fact, the
Fig. 8. (Color online) Color exchanges.
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vertex interactions, where there is no color exchange, are associated to intraforward
and interforward interactions (figure 9). The mediation of color exchanges by the
Fig. 9. (Color online) Vertex interactions.
band interactions also leads to a color number conservation, expressed by the fact
of the number of ingoing colors is equal to the number of outgoing colors.
There is no chiral exchages, i.e., there is no interactions that meadiate change
of chirality, implying (figure 10)
sin = sout. (66)
Note that the chiral symmetry do not forbid −ig4-type interactions, but excludes
interactions of type −ig1 and −ig3 that are associated to intraband umklapp and
backscattering interactions30.
sin = + sout = +
sin = − sout = −
Fig. 10. (Color online) Chiral symmetry.
7. One and two color polarization bubbles
One-color polarization bubbles are given by
χαs (~q) = −
∫
~q′
iGαs (~q
′)iGαs (~q
′ + ~q), (67)
where the −1 sign is due to the fermionic loop. By computing the polarization in b
(figure 11) we arive at
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~q′
~q + ~q′
Fig. 11. (Color online) One-color polarization bubble.
χb−(~q) = −i
q
2π
Gb−(q0, q − kbF ). (68)
In the general case,
χαs (~q) = i
sq
2π
Gαs (q0, q + sk
α
F ), (69)
where s = ±, α = a, b.
~q′
~q + ~q′ ~q + ~q′
~q′
~q′
~q + ~q′
Fig. 12. (Color online) One-color polarization bubble in association to intraforward and interfor-
ward interactions.
As there is no color exchange, the one-color polarization bubble is always asso-
ciated to the intraforward and interforward interactions (figure 12).
The two-color polarization bubbles are given by
χαβs (~q) = −
∫
~q′
iGαs (~q
′)iGβs (~q
′ + ~q), (70)
where s = ±, α = a, b and α 6= β. For instance, by computing the ab-polarization
(figure 13), in the case where the Fermi velocities are equal, ∆vF,R = 0, we arrive
at
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~q′
~q + ~q′
Fig. 13. (Color online) Two-color polarization bubble.
χab− (~q) = −
i
2π
(q +∆kF )G
b
−(q0, q − kaF ). (71)
In the general case, we have
χαβs (~q) =
is
2π
(q + kαF − kβF )Gβs (q0, q + skαF ), (72)
where we have considered a momentum cutoff Λ in the calculations.
As the two-color polarization bubbles involve color exchange, they always come
in association to interbackscattering and interumklapp interactions (figure 14).
~q′
~q + ~q′
~q′
~q + ~q′
~q + ~q′
~q′
Fig. 14. (Color online) Two-color polarization bubble in association to interbackscattering and
interumklapp interactions.
As there is no chirality exchanges, the diagrams of two-chiralities (figure 15) are
always associated to two-particle interactions of opposite sides and depend on the
external legs ( figure 16). These type of polarization can be defined as follows
Παβss′ (~p) =
∫
~q
iGαs (~q)iG
β
s′ (~p− ~q) (73)
χαβss′ (~p) =
∫
~q
iGαs (~q)iG
β
s′ (~p+ ~q) (74)
where s 6= s′, s = ±, s′ = ±, α = a, b and β = a, b.
By calculating the scattering channels in 1-loops in the Fermi surface, we can
obtain the explicitly the polarizations of different chirality at Fermi surface, s = +
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Fig. 15. (Color online) Polarizations of different chiralities
Fig. 16. (Color online) Polarization of different chiralities in association to two-particle interac-
tions.
and s′ = −,
Πab+−(~pab) = −
i
πVF,R
ln
(
Ω
ω
)
, (75)
Πba+−(~pab) = −
i
πVF,R
ln
(
Ω
VF,R∆kF,R
)
(76)
Πa+−(~pa) = −
i
πVF,R
ln
(
Ω
ω
)
, (77)
Πb+−(~pa) = −
i
πVF,R
ln
(
Ω
ω
)
, (78)
χab+−(~p
′
ab) =
i
πVF,R
ln
(
Ω
ω
)
, (79)
χba+−(~p
′
ab) =
i
πVF,R
ln
(
Ω
ω
)
, (80)
χa+−(~p
′
a) =
i
πVF,R
ln
(
Ω
ω
)
, (81)
χb+−(~p
′
a) =
i
πVF,R
ln
(
Ω
VF,R∆kF,R
)
(82)
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where ~pa, ~pab, ~p′ab and ~p
′
a are associated to the ingoing external legs
~pab = ~pin,a + ~pin,b, (83)
~p′ab = ~pin,a − ~pin,b, (84)
~pa = ~pin,a + ~pin,b, (85)
~p′a = ~pin,a − ~pin,b, (86)
and Ω = VF,RΛ is the energy cutoff associated to the momentum cutoff Λ.
8. Self-energies and renormalized Γ(2) functions
a a
ab
a a
~q ~q
~p ~p ~p ~p
(a)
b a
a aa a
(b)
a b
b bb b
(c)
b b b b
ba
(d)
Fig. 17. (Color online) (a) Self-energy for the right hand side of band a. (b) Self-energy for the
left hand side of band a. (c) Self-energy for the right hand side of band b. (d) Self-energy for the
left hand side of band b
As the 1-loop self-energy diagrams involves only one-color polarization bubbles (see
figures 17(a), 17(b), 17(c) and 17(d)), they are given by the following formula
− iΣαs,R = gF ,R
∫
~q
Gβs,R(~q) + g0,R
∫
~q
Gαs,R(~q), (87)
where α = a, b, β = a, b, α 6= β. By integrating in ~q the self-energy equations (87),
including the momentum cuttoff Λ, in the Fermi surface, we arrive explicitly at
− iΣa−,R = i (g¯F ,R + g¯0,R)Ω, (88)
−iΣa+,R = i (g¯F ,R + g¯0,R)Ω, (89)
−iΣb−,R = i (g¯F ,R + g¯0,R)Ω, (90)
−iΣb+,R = i (g¯F ,R + g¯0,R)Ω, (91)
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where g¯F ,R =
gF,R
πVF,R
, g¯0,R =
g0,R
πVF,R
and Ω = ΛVF . Then, in 1-loop the self-energy
contributions are given by intraforward and interforward interactions. If we con-
sider the 2-loops self-energy contributions, we have additional contributions includ-
ing interbackscattering and interumklapp interactions, with two-color polarization
bubbles and color exchanges (figures 18 and 19).
~p ~p~q
~q′
~p− ~q + ~q′
Fig. 18. (Color online) 2-loops self-energy diagram for interbackscattering interaction.
~p ~p~q
~q′
~p− ~q + ~q′
Fig. 19. 2-loops self-energy diagram for interumklapp interaction.
The contribution of the intraforward interaction to 2-loops self-energy is given
by (figure 20)
− iΣaa+,R(~p) = (−ig0,R)2
∫
~q
iGa+,R(~q)χ
a
−,R(~p− ~q). (92)
At the Fermi surface, p0 = ω and p = k
a
F,R,
− iΣaa+,R(kaF,R, ω) =
ig20,Rω
2(πVF,R)2
ln
(
Ω
ω
)
. (93)
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~p ~p
Fig. 20. (Color online) 2-loops self-energy diagram for intraforward interaction.
The self-energy contribution of the interforward interaction in 2-loops (21) is
given by
− iΣab+,R(~p) = (−igF ,R)2
∫
~q
iGa+,R(~q)χ
b
−,R(~p− ~q), (94)
that reduces, at the Fermi surface, p0 = ω and p = k
a
F , for equal Fermi velocities
vF,R, to the following
− iΣab+,R(kaF , ω) =
ig2F ,Rω
2(πVF,R)2
ln
(
Ω
ω
)
. (95)
Both interforward and intraforward selfenergy contributions are one-color polariza-
tion bubbles contributions to the selfenergy, with no color exchange.
~p ~p~q
~q′
~p− ~q + ~q′
Fig. 21. (Color online) 2-loops self-energy diagram for interforward interaction.
Now, considering the calculation of the two color contributions at 2-loops to the
selfenergy, we have the interbackscattering interaction contribution (figure 18),
Σbba+− = (−igB)2
∫
~q
iGb+(~q)χ
ba
− (~p− ~q) (96)
that at the Fermi surface ~p = (ω, kaF,R), in the case of same Fermi velocities, is given
by
− iΣbba+,R(kaF,R, ω) =
ig2B,RVF,R∆kF,R
2(πVF,R)2
ln
(
Ω
VF,R∆kF,R
)
+
ig2B,Rω
2(πVF,R)2
ln
(
Ω
VF,R∆kF,R
)
, (97)
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and interumklapp interaction contribution (figure 19)
− iΣbab+,R = (−igU ,R)2
∫
~q
iGb+,R(~q)χ
ab
−,R(~p− ~q), (98)
that at the Fermi surface ~p = (kaF,R, ω), , in the case of same Fermi velocities, is
− iΣbab+,R(kaF , ω) =
ig2U ,Rω
2(πVF,R)2
ln
(
Ω
ω
)
. (99)
Now, we can write the total contribution to the selfenergy in 2-loops for the right-
Fig. 22. (Color online) Self-energy diagrams in 2-loops, band a+.
hand side of the band a, at the Fermi surface (FS),
− iΣa+,R|FS =
ig2F ,Rω
2(πVF,R)2
ln
(
Ω
ω
)
+
ig20,Rω
2(πVF,R)2
ln
(
Ω
ω
)
+
ig2B,R(VF,R∆kF,R + ω)
2(πVF,R)2
ln
(
Ω
VF,R∆kF,R
)
+
ig2U ,Rω
2(πVF,R)2
ln
(
Ω
ω
)
(100)
and the corresponding one-particle irreducible function Γ(2) at Fermi surface
Γ
(2)
a+R(ω, k
a
F ) = ω − (g¯0R + g¯F ,R)Ω
+ ω
[
g¯2F ,R
2
+
g¯20,R
2
+
g¯2U ,R
2
]
ln
(
Ω
ω
)
+ ω
g¯2B,R
2
ln
(
Ω
VF∆kF
)
+ (VF∆kF )
g¯2B,R
2
ln
(
Ω
VF∆kF
)
+ ωδZ − kaF,RvF,RδZ + vF,RδkaF,R,
(101)
where δZ, δkaF,R are the corresponding counterterms, introduced in the correspond-
ing renormalized lagrangean. In the case of the band b (figure 23),
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Fig. 23. (Color online) Self-energy diagrams in 2-loops, band b+.
Γ
(2)
b+R(ω, k
b
F ) = ω − (g¯0R + g¯F ,R)Ω
+ ω
[
g¯2F ,R
2
+
g¯20,R
2
+
g¯2U ,R
2
]
ln
(
Ω
ω
)
+ ω
g¯2B,R
2
ln
(
Ω
VF,R∆kF,R
)
− (VF,R∆kF,R)
g¯2B,R
2
ln
(
Ω
VF,R∆kF,R
)
+ ωδZ − kbF,RvF,RδZ + vF,RδkbF,R,
(102)
where now we have the counterterm δkbF,R and we have introduced the notation
g¯R = gR/πVF,R for each corresponding coupling,
g¯0,R = g0,R(ω)/πVF,R, (103)
g¯F ,R = gF ,R(ω)/πVF,R, (104)
g¯B,R = gB,R(ω)/πVF,R, (105)
g¯U ,R = gU ,R(ω)/πVF,R. (106)
Similar calculations are applied for the opposite chiralities Γ
(2)
a−R and Γ
(2)
b−R (figure
24).
Fig. 24. (Color online) Self-energy diagrams in 2-loops, bands a− and b−.
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9. Physical prescription for Γ
(2)
R and RG flow equation for ∆kF,R
Now we consider the renormalization group precription for Γ
(2)
R at the corresponding
Fermi surfaces. At each band in the corresponding Fermi surfaces it takes the value
Γ
(2)
R = ω, such that from Γ
(2)
a+R(ω, k
a
F ), eq. (101) and Γ
(2)
b+R(ω, k
b
F ), eq. (102), we
arrive at the following counterterms corresponding to the quasiparticle weight Z
δZ = −
[
g¯2F ,R
2
+
g¯20,R
2
+
g¯2U ,R
2
+
g¯2B,R
2
]
ln
(
Ω
ω
)
,
(107)
and the respective Fermi momentum counterterms
δkaF,R = k
a
F,RδZ + (g¯0,R + g¯F ,R)
Ω
vF,R
− ∆kF,Rg¯2B,R ln
(
Ω
VF,R∆kF,R
)
, (108)
δkbF,R = k
b
F,RδZ + (g¯0,R + g¯F ,R)
Ω
vF,R
+ ∆kF,Rg¯
2
B,R ln
(
Ω
VF,R∆kF,R
)
. (109)
By adding kαF,R, α = a, b, in each corresponding counterterm for the Fermi momen-
tum and taking into account the relation δZ = Z − 1, we can write
δkaF,R + k
a
F,R = k
a
F,RZ + (g¯0,R + g¯F ,R)
Ω
vF,R
− ∆kF g¯2bR ln
(
Ω
VF,R∆kF,R
)
, (110)
δkbF,R + k
b
F,R = k
b
F,RZ + (g¯0,R + g¯F ,R)
Ω
vF,R
+ ∆kF,Rg¯
2
bR ln
(
Ω
VF,R∆kF,R
)
. (111)
Taking into account the relation between renormalized and bare Fermi moments,
eq. (60),
kaF,bare =
δkaF,R + k
a
F,R
Z
, (112)
kbF,bare =
δkbF,R + k
b
F,R
Z
, (113)
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we can write the relation between ∆kF,bare and ∆kF,R, eq. (61), explicitly
∆kF,bare = k
b
F,bare − kaF,bare
= ∆kF,R
[
1 + 2
g¯2B,R
Z
ln
(
Ω
VF,R∆kF,R
)]
.
(114)
As the bare quantities do not flow under RG, we arrive at the corresponding flow
equation for ∆kF,R. We have
ω
d∆kF,bare
dω
= ω
d∆kF,R
dω
[
1 + 2
g¯2B,R
Z
ln
(
Ω
VF,R∆kF,R
)]
+ ∆kF,R[−2
g¯2B,R
Z2
ω
dZ
dω
ln
(
Ω
VF,R∆kF,R
)
− 2 g¯
2
B,R
Z
1
∆kF,R
ω
d∆kF,R
dω
]
= 0. (115)
Including the anomalous dimension
γ =
ω
Z
dZ
dω
(116)
and multiplying both sides by Z, we arrive at
ω
d∆kF,R
dω
=
2∆kF,Rg¯
2
B,Rγ ln
(
Ω
VF,R∆kF,R
)
Z + 2g¯2B,R
[
ln
(
Ω
VF,R∆kF,R
)
− 1
] .
(117)
This can be also written in the following simplified form
ω
d ln∆kF,R
dω
=
γ
1− 1ln(Λ/∆kF,R)
[
1− Z
2g¯2
B,R
] , (118)
where we take into account the cutoff Λ = Ω/VF,R.
In order to simplify the above equation and achieve to a cutoff independent
equation, we can consider the cutoff sufficiently large (Λ→∞) such that the above
equation is simplified to
ω
d ln∆kF,R
dω
= γ, (119)
or, equivalently,
ω
d∆kF,R
dω
= γ∆kF,R. (120)
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10. Two-particle irreducible function Γ
(4)
R and the counterterms
for the scattering channels
Now, we consider the scattering channels corresponding to the interactions of in-
traforward, interforward, interbackscattering and interumklapp, corresponding to
the two-particle irreducible functions Γ
(4)
R for each scattering channel.
Fig. 25. (Color online) Interforward channel diagrams in 1-loop.
Fig. 26. (Color online) Intraforward channel diagrams in 1-loop.
In the intrafrontal channel (figure 26), the two-particle irreducible function in
1-loop has the following contribution at the Fermi surface
Γ
(4)
0,R = −ig0,R −
ig2B,R
πVF
ln
(
Ω
VF,R∆kF,R
)
+
ig2U ,R
πVF,R
ln
(
Ω
ω
)
− iδg0,R, (121)
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Fig. 27. (Color online) Interbackscatterig channel diagrams in 1-loop.
Fig. 28. (Color online) Interumklapp channel diagrams in 1-loop.
where −iδg0,R is the corresponding counterterm for the intraforward channel in 1-
loop. In the interfrontal channel (figure 25) the two-particle irreducible function in
1-loop has the following contribution at the Fermi surface
Γ
(4)
F ,R = −igF ,R +
ig2B,R
πVF,R
ln
(
Ω
VF,R∆kF
)
− ig
2
U ,R
πVF,R
ln
(
Ω
ω
)
− iδgF ,R, (122)
where −iδgF ,R is the corresponding counterterm for the interforward channel in
1-loop. In the interbackscattering channel (figure 27), we have the following contri-
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bution at the Fermi surface
Γ
(4)
B,R = −igB,R +
igB,RgF ,R
πVF,R
ln
(
Ω
VF,R∆kF,R
)
+
igF ,RgB,R
πVF,R
ln
(
Ω
ω
)
− igB,Rg0,R
πVF,R
ln
(
Ω
VF∆kF,R
)
− ig0,RgB,R
πVF,R
ln
(
Ω
ω
)
− iδgB,R, (123)
where −iδgB,R is the corresponding counterterm for the interbackscattering channel
in 1-loop. In the interumklapp channel (figure 28), we have the following contribu-
tion at the Fermi surface
Γ
(4)
U ,R = −igU ,R + 2i
gU ,Rg0.R
πVF,R
ln
(
Ω
ω
)
− 2i gU ,RgF ,R
πVF,R
ln
(
Ω
ω
)
− iδgU ,R, (124)
where −iδgU ,R is the corresponding counterterm for the interumklapp channel in
1-loop.
The renormalization prescription for the two-particle irreducible functions at the
Fermi surface are the corresponding renormalized coupling
Γ
(4)
0,R = −ig0,R, (125)
Γ
(4)
F ,R = −igF ,R, (126)
Γ
(4)
B,R = −igB,R, (127)
Γ
(4)
U ,R = −igU ,R. (128)
We can then calculate explicitly the counterterms in 1-loop for the intraforward
= − −
−iδg0,R
Fig. 29. (Color online) Counterterm diagram for intraforward.
channel (figure 29)
δg0,R = −
g2B,R
piVF,R
ln
(
Ω
VF,R∆kF,R
)
+
g2U ,R
piVF,R
ln
(
Ω
ω
)
,
(129)
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= − −
−iδgF ,R
Fig. 30. (Color online) Counterterm diagram for interforward.
= − −
−iδgB,R
−−
Fig. 31. (Color online) Counterterm diagram for interbackscattering.
= − −
−iδgU ,R
−−
Fig. 32. (Color online) Counterterm diagram for interumklapp.
for the interforward channel (figure 30)
δgF ,R =
g2B,R
piVF,R
ln
(
Ω
VF,R∆kF,R
)
−
g2U ,R
piVF,R
ln
(
Ω
ω
)
, (130)
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for the interbackscattering channel (figure 31)
δgB,R =
gB,RgF ,R
piVF
ln
(
Ω
VF,R∆kF,R
)
+
gF ,RgB,R
piVF,R
ln
(
Ω
ω
)
−
gB,Rg0,R
piVF,R
ln
(
Ω
VF,R∆kF,R
)
−
g0,RgB,R
piVF
ln
(
Ω
ω
)
, (131)
and for the interumklapp channel (figure 32)
δgU ,R = 2
g0,RgU ,R
piVF,R
ln
(
Ω
ω
)
− 2
gU ,RgF ,R
piVF,R
ln
(
Ω
ω
)
. (132)
The 2-loops diagrams from the 1-loop counterterms (figure 33) cancel all the parquet
diagrams in 2-loops (figures 34, 35, 36, 37).
= − −
−iδgF ,R
Fig. 33. (Color online) Counterterm diagram in 2-loops.
By calculating the contributions of non-parquet diagrams in two-loops, including
the 2-loops non-parquet contributions, we have in the intraforward channel (figure
38), the two-particle irreducible function in 2-loops, at the Fermi surface,
Γ¯
(4)
0,R = −ig¯0,R + ig¯2U ,R ln
(
Ω
ω
)
− ig¯2B,R ln
(
Ω
VF,R∆kF,R
)
− ig¯30,R ln
(
Ω
ω
)
− ig¯2F ,Rg¯0,R ln
(
Ω
ω
)
− ig¯2U ,Rg¯F ,R ln
(
Ω
ω
)
− ig¯2B,Rg¯F ,R ln
(
Ω
VF,R∆kF,R
)
− iδg¯0,R, (133)
where −iδg0,R is the corresponding counterterm for the intraforward channel until
2-loops, where Γ¯
(4)
0,R = Γ
(4)
0,R/πVF,R.
Including the non-parquet contribution to the interforward channel (figure 39)
the two-particle irreducible function in 2-loops has the following contribution at the
Fermi surface
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Fig. 34. (Color online) 2-loop parquet diagrams in the interforward scattering channel. Where
we have ~p = ~p1 + ~p2.
Γ¯
(4)
F ,R = −ig¯F ,R − ig¯2U ,R ln
(
Ω
ω
)
+ ig¯2B,R ln
(
Ω
VF,R∆kF,R
)
− ig¯20,Rg¯F ,R ln
(
Ω
ω
)
− ig¯3F ,R ln
(
Ω
ω
)
− ig¯2U ,Rg¯0,R ln
(
Ω
ω
)
− ig¯2B,Rg¯0,R ln
(
Ω
VF,R∆kF,R
)
− iδg¯F ,R, (134)
where −iδg¯F ,R = −iδgF ,R/πVF,R is the corresponding counterterm for the interfor-
ward channel until 2-loops, where Γ¯
(4)
F ,R = Γ
(4)
F ,R/πVF,R.
Including the non-parquet contribution to the interbackscattering channel (fig-
ure 40) the two-particle irreducible function in 2-loops has the following contribution
at the Fermi surface
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Fig. 35. (Color online) 2-loop parquet diagrams in the intraforward scattering channel.
Γ¯
(4)
B,R = −ig¯B,R + ig¯B,Rg¯F ,R ln
(
Ω
VF,R∆kF,R
)
+ ig¯B,Rg¯F ,R ln
(
Ω
ω
)
− ig¯0,Rg¯B,R ln
(
Ω
VF,R∆kF,R
)
− ig¯0,Rg¯B,R ln
(
Ω
ω
)
− ig¯2U ,Rg¯B,R ln
(
Ω
VF,R∆kF,R
)
− 2ig¯0,Rg¯F ,Rg¯B,R ln
(
Ω
VF,R∆kF,R
)
+ ig¯2U ,Rg¯B,R ln
(
Ω
ω
)
− iδg¯B,R, (135)
where −iδg¯B,R = −iδgB,R/πVF,R is the corresponding counterterm for the inter-
backscattering channel until 2-loops, where Γ¯
(4)
B,R = Γ
(4)
B,R/πVF,R.
Including the non-parquet contribution to the interumklapp channel (figure 41),
we have the following contribution at the Fermi surface
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Fig. 36. (Color online) 2-loop parquet diagrams in the interbackscattering channel.
Γ¯
(4)
U ,R = −ig¯U ,R + 2ig¯0,Rg¯U ,Rg¯B,R ln
(
Ω
ω
)
− 2ig¯F ,Rg¯U ,R ln
(
Ω
ω
)
− 2ig¯0,Rg¯F ,Rg¯U ,R ln
(
Ω
ω
)
− 2ig¯U ,Rg¯2B,R ln
(
Ω
VF,R∆kF,R
)
− iδg¯U ,R,
(136)
where −iδg¯U ,R = −iδgU ,R/πVF,R is the corresponding counterterm for the in-
terumklapp channel until 2-loops, where Γ¯
(4)
U ,R = Γ
(4)
U ,R/πVF,R.
Taking into account the prescriptions for the scattering channels at the Fermi
surface
Γ¯
(4)
0,R = −ig¯0,R, (137)
Γ¯
(4)
F ,R = −ig¯F ,R, (138)
Γ¯
(4)
B,R = −ig¯B,R, (139)
Γ¯
(4)
U ,R = −ig¯U ,R. (140)
We arrive at the explicit 2-loops contributions of the counterterms, including the
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Fig. 37. (Color online) 2-loop parquet diagrams in the interumklapp scattering channel.
non-parquet contributions. For the intraforward channel until 2-loops, we have
δg¯0,R = g¯
2
U ,R ln
(
Ω
ω
)
− g¯2B,R ln
(
Ω
VF,R∆kF,R
)
− g¯30,R ln
(
Ω
ω
)
− g¯2F ,Rg¯0,R ln
(
Ω
ω
)
− g¯2U ,Rg¯F ,R ln
(
Ω
ω
)
− g¯2B,Rg¯F ,R ln
(
Ω
VF,R∆kF,R
)
, (141)
the interforward counterterm until 2-loops
δg¯F ,R = −g¯2U ,R ln
(
Ω
ω
)
+ g¯2B,R ln
(
Ω
VF,R∆kF,R
)
− g¯20,Rg¯F ,R ln
(
Ω
ω
)
− g¯3F ,R ln
(
Ω
ω
)
− g¯2U ,Rg¯0,R ln
(
Ω
ω
)
− g¯2B,Rg¯0,R ln
(
Ω
VF,R∆kF,R
)
, (142)
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Fig. 38. (Color online) 2-loop non-parquet diagrams in the intraforward scattering channel.
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Fig. 39. (Color online) 2-loop non-parquet diagrams in the interforward scattering channel.
interbackscattering counterterm until 2-loops order
δg¯B,R = g¯B,Rg¯F ,R ln
(
Ω
VF,R∆kF,R
)
+ g¯B,Rg¯F ,R ln
(
Ω
ω
)
− g¯0,Rg¯B,R ln
(
Ω
VF,R∆kF,R
)
− g¯0,Rg¯B,R ln
(
Ω
ω
)
− 2g¯0,Rg¯F ,Rg¯B,R ln
(
Ω
VF,R∆kF,R
)
− g¯2U ,Rg¯B,R ln
(
Ω
VF,R∆kF,R
)
+ g¯2U ,Rg¯B,R ln
(
Ω
ω
)
, (143)
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Fig. 40. (Color online) 2-loops non-parquet diagrams in the interbackscattering channel.
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Fig. 41. (Color online) 2-loop non-parquet diagrams in the interumklapp scattering channel
interumklapp counterterm in 2-loops order
δg¯U ,R = 2g¯0,Rg¯U ,Rg¯B,R ln
(
Ω
ω
)
− 2g¯F ,Rg¯U ,R ln
(
Ω
ω
)
− 2g¯0,Rg¯F ,Rg¯U ,R ln
(
Ω
ω
)
− 2g¯U ,Rg¯2B,R ln
(
Ω
VF,R∆kF,R
)
. (144)
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11. RG flow equations for the renormalized scattering couplings
terms and confinement
By considering the relation between the bare coupling terms and the renormalized
ones
gbare = Z
−2 (gR + δgR) , (145)
we can calculate the flow of the renormalization group in the frequency scale ω,
described by means of the equation
ω
dgbare
dω
= ω
dZ−2
dω
(gR + δgR)
+ Z−2
(
ω
dgR
dω
+ ω
dδgR
dω
)
= 0, (146)
where we take into account the fact that the bare quantities do not flow.
Taking into account the anomalous dimension
γ =
ω
Z
dZ
dω
,
we can write
ω
dZ−2
dω
= −2ωZ−3dZ
dω
= −2ωZ−2Z−1 dZ
dω
= −2Z−2γ, (147)
and obtain the following result
− 2γ (gR + δgR) +
(
ω
dgR
dω
+ ω
dδgR
dω
)
= 0. (148)
Thus, we arrive at the RG flow equation
ω
dgR
dω
= 2γ (gR + δgR)− ωdδgR
dω
. (149)
In the specific case of the scattering channels, we can write
ω
dg0R
dω
= 2γ (g0R + δg0,R)− ωdδg0R
dω
, (150)
ω
dgF ,R
dω
= 2γ (gF ,R + δgF ,R)− ωdδgF ,R
dω
, (151)
ω
dgB,R
dω
= 2γ (gB,R + δgB,R)− ωdδgB,R
dω
, (152)
ω
dgU ,R
dω
= 2γ (gU ,R + δgU ,R)− ωdδgU ,R
dω
. (153)
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Dividing both sides by πVF,R, we have finally
ω
dg¯0R
dω
= 2γ (g¯0R + δg¯0,R)− ωdδg¯0R
dω
, (154)
ω
dg¯F ,R
dω
= 2γ (g¯F ,R + δg¯F ,R)− ωdδg¯F ,R
dω
, (155)
ω
dg¯B,R
dω
= 2γ (g¯B,R + δg¯B,R)− ωdδg¯B,R
dω
, (156)
ω
dg¯U ,R
dω
= 2γ (g¯U ,R + δg¯U ,R)− ωdδg¯U ,R
dω
. (157)
Using the 2-loops counterterms, eq. (141), (142), (143) and (144), we can write the
RG flow equations for the renormalized scattering coupling terms
ω
dg¯0,R
dω
= 2γg¯0,R + g¯
2
U ,R − g¯2B,R
ω
∆kF,R
d∆kF,R
dω
− g¯30,R
− g¯2F ,Rg¯0,R − g¯2U ,Rg¯F ,R
− g¯2B,Rg¯F ,R
ω
∆kF,R
d∆kF,R
dω
, (158)
ω
dg¯F ,R
dω
= 2γg¯F ,R − g¯2U ,R + g¯2B,R
ω
∆kF,R
d∆kF,R
dω
− g¯3F ,R
− g¯2′,Rg¯F ,R − g¯2U ,Rg¯0,R
− g¯2B,Rg¯0,R
ω
∆kF,R
d∆kF,R
dω
, (159)
ω
dg¯B,R
dω
= 2γg¯B,R + g¯B,Rg¯F ,R
ω
∆kF,R
d∆kF,R
dω
+ g¯B,Rg¯F ,R
− g¯0,Rg¯B,R ω
∆kF,R
d∆kF,R
dω
− g¯0,Rg¯B,R
− 2g¯0,Rg¯F ,Rg¯B,R ω
∆kF,R
d∆kF,R
dω
− g¯2U ,Rg¯B,R
ω
∆kF,R
d∆kF,R
dω
− g¯2U ,Rg¯B,R, (160)
ω
dg¯U ,R
dω
= 2γg¯U ,R + 2g¯0,Rg¯U ,R − 2g¯F ,Rg¯U ,R
− 2g¯0,Rg¯F ,Rg¯U,R,
− 2g¯U ,Rg¯2B,R
ω
∆kF,R
d∆kF,R
dω
. (161)
Where the RG flow equation for ∆kF,R , eq.(118), at 2-loops can be written, for
large cutoff Ω, as
ω
d ln∆kF,R
dω
= γ. (162)
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Now we can calculate the flow to Z
Z = 1 + δZ
= 1−
[
g¯2fR
2
+
g¯20R
2
+
g¯2uR
2
]
ln
(
Ω
ω
)
− g¯
2
bR
2
ln
(
Ω
VF∆kF
)
(163)
and the anomalous dimension
γ =
g¯2fR
2
+
g¯20R
2
+
g¯2uR
2
− g¯
2
bR
2
ω
∆kF
d∆kF
dω
, (164)
that reduces, at 2-loops, to the following result
2γ = g¯2fR + g¯
2
0R + g¯
2
uR. (165)
Taking into account only terms up to 2-loops order in the renormalized coupling
terms, we can finally write the RG flow equations for the intraforward
ω
dg¯0,R
dω
= 2γg¯0,R + g¯
2
U ,R − g¯30,R − g¯2F ,Rg¯0,R
− g¯2U ,Rg¯F ,R, (166)
interforward
ω
dg¯F ,R
dω
= 2γg¯F ,R − g¯2U ,R − g¯3F ,R − g¯20,Rg¯F ,R
− g¯2U ,Rg¯0,R, (167)
interbackscattering
ω
dg¯B,R
dω
= 2γg¯B,R + g¯B,Rg¯F ,R − g¯0,Rg¯B,R
− g¯2U ,Rg¯B,R, (168)
interumklapp
ω
dg¯U ,R
dω
= 2γg¯U ,R + 2g¯0,Rg¯U ,R − 2g¯F ,Rg¯U ,R
− 2g¯0,Rg¯F ,Rg¯U ,R, (169)
and the difference of the renormalized interband Fermi points
ω
d∆kF,R
dω
= γ∆kF,R. (170)
By solving these RG flow equations and the corresponding RG flow equation for the
quasi-particle weight Z, we found that in the RG flows to the confinement, where
the renormalized ∆kF,R vanishes, that the corresponding quasi-particle weight Z
flows to zero and the interaction coupling terms flow to Luttinger liquid fixed points,
with intraforward, interforward and interumklapp interactions RG flowing to non-
vanishing fixed points and the interbackscattering interactions RG flowing to zero
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as a consequence of its relation to the confinement term ∆kF,R. This result in fact
is applied for many different cases, positive initial renormalized couplings (figure
42), including negative initial renormalized coupling terms (except interumklapp)
(figure 43). For initial negative values, except for the interumklapp interaction, the
negative initial values still move towards the fixed points. As the intraforward and
interforward interactions flow to opposite value fixed points, their sum RG flows to
zero and the corresponding Luttinger theorem is satisfied in the fixed points.
As a consequence, in the confinement of renormalized chiral interband Fermi
points, the bands do not stop comunicating but they still interact under intrafor-
ward, interforward and interumklapp in a dinamical equilibrium characterized by
the Luttinger liquid fixed point regimes.
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Fig. 42. (Color online) RG flow equations for initial positive couplings.
12. Chiral tranformations, Ward-Takahashi Identity and Quantum
Anomaly
In 1 + 1 spacetime coordinates, we can also represent the action of the quasi-1D
system as 1+1 Dirac field under external field interactions that do not change color
Aαs and interactions that change color B
αβ
s (figure 44)
S =
∫
d2x
∑
α
ψ¯α /∂ψα +
∑
α,s
∫
d2xψα†s A
α
sψ
α
s
+
∑
α6=β,s
∫
d2xψα†s B
αβ
s ψ
β
s , (171)
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Fig. 43. (Color online) RG flow equations including initial negative couplings.
where α = a, b; β = a, b; s = ±.
α α
Aα+
α β 6= α
B
αβ
+
Aα−
B
αβ
−
Fig. 44. (Color online) Interactions that change color and that do not change color.
From the previous sections, we showed that only interumklapp and inter-
backscattering interactions change color, such that these interactions represent color
exchange interaction Bαβs . Note that B
αβ
s = 0, if α = β.
As a whole, we can represent the external fields as a single external field inter-
action
Aαβs = Aαs +Bαβs (172)
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that couples to the 1 + 1 free Dirac fields as follows
L =
∑
α
ψ¯α /∂ψα +
∑
α,β,s
ψα†s Aαβs ψβs , (173)
where α = a, b, β = a, b, s = ±.
As a procedure in 1+1 31, let us consider a chiral transformation, involving the
+ side,
ψ+ → e−iθ(x)ψ+ = (1− iθ(x))ψ+ (174)
ψ†+ → eiθ(x)ψ†+ = (1 + iθ(x))ψ†+ (175)
and the action will change as
S → S +
∫
d2xJα+(−i∂+θ(x)), (176)
where Jα+ = ψ
α†
+ ψ
α
+ is the corresponding current in the + side, and ∂+ = ∂t− ivF∂x.
The functional generator will change as follows 32
Z
′[J, η, η†] =
∫
D
(
A
′
, ψ
′
, ψ
′†
)
× e[S+
∫
d2x(
∑
α,β;s J
αβ
s A
αβ
s +
∑
α;s η
α†
s ψ
α
s −
∑
α;s ψ
α†
s η
α
s )]
× e
∫
d2x
(∑
α
[−i∂+θ(x)]J
α
++
∑
α
iθ(x)ηα†
+
ψα+−
∑
α
iθ(x)ψα†
+
ηα+
)
,
(177)
leading to the following Ward-Takahashi identity
θ(x)
(∑
α
i∂+J
α
+ +
∑
α
iηα†+ ψ
α
+ −
∑
α
iψα†+ η
α
+
)
Z = 0.
(178)
As usual we will make the Ward-Takahashi associations32
Aα+ →
1
i
δ
δJα+
(179)
ψα+ →
1
i
δ
δηα†+
(180)
ψα†+ →
1
i
δ
δηα+
(181)
Such that
θ(x)
(∑
α
i∂+J
αβ
+ +
∑
α
iηα†+
1
i
δ
δηα†+
+
∑
α
i
1
i
ηα+
δ
δηα+
)
Z = 0
(182)
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Making the substitution Z = eiW
θ(x)
(∑
α
i∂+J
αβ
+ +
∑
α
iηα†+
δW
δηα†+
+
∑
α
iηα+
δW
δηα+
)
= 0
(183)
As a consequence we have the Ward-Takahashi relation
∑
α
i∂+J
α
+ = −
(∑
α
iηα†+
δW
δηα†+
+
∑
α
iηα+
δW
δηα+
)
.
(184)
Note that the current contribution is due to one-color interactions.
Now we will make an usual Legendre transform of quantum field theory32
Γ[ψ, ψ†, A] = W [η, η†, J ]−
∫
d2x[ψ†η + η†ψ +AJ ]
(185)
Where we have
δΓ
δAαβ+
= −Jαβ+ , (186)
δΓ
δψα+
= −ηα†+ , (187)
δΓ
δψα†+
= −ηα+, (188)
and
δW
δJαβ+
= Aαβ+ , (189)
δW
δηα†+
= ψα+, (190)
δW
δηα+
= ψα†+ . (191)
Then, from (184), we have the following
−
∑
α
i∂~x+
δΓ
δAα+(~x)
=
∑
α
i
δΓ
δψα+(~x)
ψα+(~x)
+
∑
α
i
δΓ
δψα†+ (~x)
ψα†+ (~x)
(192)
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Taking the functional derivatives with respect to δψα
′†
s′ (~z)δψ
α′
s′ (~y), we arrive at the
Ward-Takahashi identity∑
α
∂~x+
δ3Γ
δψα
′†
s′ (~z)δψ
α′
s′ (~y)δA
α
+(~x)
=
δ2Γ
δψα
′†
s′ (~z)δψ
α′
+ (~y)
δ+,s′δ(~x − ~y) − δ
2Γ
δψα
′†
+ (~z)δψ
α′
s′ (~y)
δ+,s′δ(~x− ~z).
It follows the two relations∑
α
∂~x+
δ3Γ
δψα
′†
− (~z)δψ
α′
− (~y)δA
α
+(~x)
= 0,
∑
α
∂~x+
δ3Γ
δψα
′†
+ (~z)δψ
α′
+ (~y)δA
α
+(~x)
=
δ2Γ
δψα
′†
+ (~z)δψ
α′
+ (~y)
δ(~x− ~y)
− δ
2Γ
δψα
′†
+ (~z)δψ
α′
+ (~y)
δ(~x− ~z).
Taking into account the corresponding Fourier transforms∫
dzdyei(p
′z−py)Γ(2)(z, y) =
(2π)2δ(~p′ − ~p)Γ(2)(~p),∫
dxdzdyei(p
′z−py−qx)Γ(2,1)(z, y, x) =
(2π)2δ(~p′ − ~p− ~q)Γ(2,1)(~p, ~q, ~p′)
∂xΓ
(2,1)(z, y;x) = δ(x− z)Γ(2)(z, y)− δ(x − y)Γ(2)(z, y),
Integrating in dxdydz and ei(p
′z−py)e−iqx,∫
dxdydzei(p
′z−py)e−iqx∂xΓ
(2,1) =
−iq(2π)2δ(p′ − q − p)Γ(2,1)(p, q, p+ q) (193)
∫
dxdy1dx1e
i(p′x1−py1)e−iqxδ(x− y1)Γ(2)(x1, y1) =∫
dy1dx1e
ip′x1e−i(p+q)y1Γ(2)(x1, y1) =
i(2π)δ(p′ − q − p)Γ(2)(p+ q), (194)
∫
dxdy1dx1e
i(p′x1−py1)e−iqxδ(x− x1)Γ(2)(x1, y1) =∫
dy1dx1e
i(p′−q)x1e−ipy1Γ(2)(x1, y1) =
i(2π)δ(p′ − q − p)Γ(2)(p). (195)
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we arrive at the Ward-Takahashi identity
q+
∑
α
Γ
(2,1)
αα′,++(p, p+ q; q) = Γ
(2)
α′,+(p+ q)− Γ(2)α′,+(p),
(196)
where qs = q0 − svF q, s = ±. Note that this is in fact a generalization of the
Ward-Takahashi identity for the Luttinger liquid 28.
~q
~p ~p + ~q
~q′ ~q + ~q′
~p ~p + ~q
~q′ ~q + ~q′
~q
Fig. 45. (Color online) Vertex functions in 1-loop.
Fig. 46. (Color online) 2-loops vertex function diagrams with interforward and intraforward in-
teractions.
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Fig. 47. (Color online) 2-loops vertex function with interbackscattering and interumklapp inter-
actions.
This WTI contains anomalous terms, due to the one color polarization bubbles,
the 1 + 1 corresponding triangle anomalies terms,
Γ
(2,1)(1-loop)
ab,++ (~q) = −igFχb−(~q)
= −gF q
2π
Gb−(q0, q − kbF ), (197)
Γ
(2,1)(1-loop)
aa,++ (~q) = −ig0,Rχa−(~q)
= −g0 q
2π
Ga−(q0, q − kaF ), (198)
Γ
(2,1)(1-loop)
ba,++ (~q) = −igFχa−(~q)
= −gF q
2π
Ga−(q0, q − kaF ), (199)
Γ
(2,1)(1-loop)
bb,++ (~q) = −ig0χb−(~q)
= −g0,R q
2π
Gb−(q0, q − kbF ), (200)
that are the 1-loop expansion of the (2, 1)-vertex function Γ
(2,1)
αα′,++(p, p+q; q) (figures
45), corresponding to the coupling of the one color interaction Aα+.
Fig. 48. (Color online) Anomalous terms in the Vertex functions at 2-loops.
On the other hand, the 2-loops order (2,1)-vertex function contributions not in-
volving the 1-loop one-color polarization bubbles (figures 46 and 47) are identically
cancelled, as predicted in the Adler-Bardeen theorem 29, while the 2-loops anoma-
lous terms are parquet diagrams involving the 1-loop one-color polarization bubbles
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(figure 48). At higher order anomalous terms are given by the generic terms with
the coupled 1-loop one-color polarization bubbles (figure 49).
The anomalous terms that leads to the quantum anomaly (figure 49), in the
right-hand side, associated to the one-color interaction Aα+, can be written as
Fαα′,++(p, p+ q; q) = (g0χ
a
− + gfχ
b
−)Γ
(2,1)
αα′,++(p, p+ q; q)
+ (g0χ
a
+ + gfχ
b
+)Γ
(2,1)
αα′,++(p, p+ q; q)
(201)
and for the left-hand side (figure 50), associated to the one-color interaction Aα−,
Fαα′,−−(p, p+ q; q) = (g0χ
a
− + gfχ
b
−)Γ
(2,1)
αα′,−−(p, p+ q; q)
+ (g0χ
a
+ + gfχ
b
+)Γ
(2,1)
αα′,−−(p, p+ q; q)
(202)
As a consequence, the anomalous Ward-Takahashi identity 17 for the right-hand
side is given by
q+
∑
α
(
Γ
(2,1)
αα′,++(p, p+ q; q)− Fαα′,++(p, p+ q; q)
)
=
Γ
(2)
α′,+(p+ q)− Γ(2)α′,+(p) (203)
and for the left-hand side,
q−
∑
α
(
Γ
(2,1)
αα′,−−(p, p+ q; q)− Fαα′,−−(p, p+ q; q)
)
=
Γ
(2)
α′,−(p+ q)− Γ(2)α′,−(p). (204)
As in the Schwinger model 1 + 1 33, the quantum anomaly 1 + 1 here is a con-
sequence of the coupling interaction in the free Dirac fields involving axial vectors.
In the case, the polarization bubble of one-color is associated to quantum anomaly
is not coincidence. As we will show, the interactions that do not change color are
associated to axial vectors, while the interactions that change color (interbackscat-
tering and interumklapp) are not. Indeed, we can write the intra and interband
interactions explicitly in terms of current components
g0ψ
a†
+ ψ
b†
−ψ
b
−ψ
a
+ = g0J
a
+J
a
− (205)
gFψ
a†
+ ψ
b†
−ψ
b
−ψ
a
+ = gFJ
a
+J
b
− (206)
gBψ
b†
+ψ
a†
− ψ
b
−ψ
a
+ = gBJ
ba
+ J
ab
− (207)
gUψ
b†
+ψ
b†
−ψ
a
−ψ
a
+ = gUJ
ba
+ J
ba
− (208)
In 1 + 1 spacetime coordinates, the axial and vector currents
JµA = ψ¯γ
µγ5ψ, (209)
JµV = ψ¯γ
µψ, (210)
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Fig. 49. (Color online) Generic anomalous terms in the Vertex functions for right-hand side.
can be written, respectivelly, as
JA =
(
ψ†+ψ+ − ψ†−ψ−
ψ†+ψ+ + ψ
†
−ψ−
)
=
(
J0A
J1A
)
, (211)
JV =
(
ψ†+ψ+ + ψ
†
−ψ−
ψ†+ψ+ − ψ†−ψ−
)
=
(
J0V
J1V
)
. (212)
The following 1 + 1 relation is satisfied JA = γ
0JV and we can also write
J0A + J
1
A = 2J+, (213)
J0A − J1A = −2J−. (214)
As a consequence the intraforward and interforward interactions can be written in
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Fig. 50. (Color online) Generic anomalous terms in the Vertex functions for left-hand side.
terms of axial current components
g0J
a
+J
a
− = −
g0
4
(
J0aA + J
1a
A
) (
J0aA − J1aA
)
, (215)
gFJ
a
+J
b
− = −
gF
4
(
J0aA + J
1a
A
) (
J0bA − J1bA
)
. (216)
On the other hand, the interbackscattering and the interumklapp interactions are
well defined in terms of one-side spinors defined as
ψC+ =
(
ψ+
ψ†+
)
, ψC− =
(
ψ−
ψ†−
)
(217)
ψ†C+ =
(
ψ†+ ψ+
)
, ψ†C− =
(
ψ†− ψ−
)
(218)
with the corresponding one-side currents
JµC+ = ψ¯C+γ
µγ5ψ′C+, (219)
JµC− = ψ¯C−γ
µγ5ψ′C−. (220)
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We can write
JC+ =
(
ψ†+ψ
′
+ + ψ
′†
+ψ+
ψ†+ψ+ − ψ
′†
+ψ+
)
=
(
J0C+
J1C+
)
, (221)
JC− =
(
ψ†−ψ
′
− + ψ
′†
−ψ−
ψ†−ψ
′
− − ψ
′†
−ψ−
)
=
(
J0C−
J1C−
)
, (222)
where ψ′ = ψ(x′) and ψ = ψ(x). Note that, if x′ = x, we have that one component
of the one-side current is zero.
JabC+ =
(
ψa†+ ψ
b
+ + ψ
b†
+ψ
a
+
ψa†+ ψ
b
+ − ψb†+ψa+
)
=
(
J0abC+
J1abC+
)
,
(223)
JabC− =
(
ψa†− ψ
b
− + ψ
b†
−ψ
a
−
ψa†− ψ
b
− − ψb†−ψa−
)
=
(
J0abC−
J1abC−
)
.
(224)
Consequently
J0abC− = J
ab
− + J
ba
− , (225)
J1abC− = J
ab
− − Jba− , (226)
J0abC+ = J
ab
+ + J
ba
+ , (227)
J1abC+ = J
ab
+ − Jba+ (228)
and we can write the interbackscattering and interumklapp in the one-side currents
gBJ
ba
+ J
ab
− =
gB
4
(
J0abC+ − J1abC+
) (
J0abC− + J
1ab
C−
)
, (229)
gUJ
ba
+ J
ba
− =
gU
4
(
J0abC+ − J1abC+
) (
J0abC− − J1abC−
)
. (230)
Alternativelly, we can write
J0baC− = J
ba
− + J
ab
− , (231)
J1baC− = J
ba
− − Jab− , (232)
J0baC+ = J
ba
+ + J
ab
+ , (233)
J1baC+ = J
ba
+ − Jab+ , (234)
and then
gBJ
ba
+ J
ab
− =
gB
4
(
J0baC+ + J
1ba
C+
) (
J0baC− − J1baC−
)
, (235)
gUJ
ba
+ J
ba
− =
gU
4
(
J0baC+ + J
1ba
C+
) (
J0baC− + J
1ba
C−
)
. (236)
Now we can also consider the term involving vF k
α
F ,∑
α,s
vF k
α
Fψ
α†
s ψ
α
s =
∑
α
vFk
α
F
(
Jα+ + J
α
−
)
. (237)
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In terms of the axial vector this will be written as
∑
α,s
vFk
α
Fψ
α†
s ψ
α
s =
∑
α
vF k
α
FJ
1α
A , (238)
where we have used J1A = J+ + J−.
The consequence of quantum anomaly in 1+ 1 is more appropriatelly related to
the component J0A of the axial vector, that leads to the fermion number anomaly
34, appearing in the intraforward and interforward interactions, i.e., while J0A =
ψ†+ψ+−ψ†−ψ− is related to the chiral symmetry, the component J1A = ψ†+ψ++ψ†−ψ−
is related to the charge conservation 35.
From the point of view of the regularization, the renormalized theory is given in
terms of the anomalous Ward-Takahashi identity, if we want require the invariance
under chiral symmetry. Alternativelly, a different axial vector could be formulated
that would satisfy the normal Ward-Takahashi identity, but violating gauge invari-
ance 36.
13. Conclusion
We have considered a quasi-1D system of two-coupled spinless fermions chains under
intraforward, interforward, interbackscattering and interumklapp interactons. We
have showed that this system can be equivalently described in terms the one-color
and two-color interactions, i.e., interactions that change color and interactions that
do not change color.
By means of field renormalization group, we derived appropriatelly the bare
and renormalized quantities that lead to the set of RG flow equations for this sys-
tem. We have showed that the renormalized interband Fermi points, ∆kF,R, flow to
zero, leading consequently to a confinement of the bonding and antibonding bands.
The interbackscattering interaction flows to zero, as a consequence its relation to
∆kF,R, a result also verified in previous works
8. The intraforward, interforward and
interumklapp flows to Luttinger liquid fixed points, leading to interband communi-
cations in the confinement by constant interforward and interumklapp interactions.
Considering the quantum anomaly, inherent to the system, as a consequence
of coupling to 1 + 1 Dirac fields to one-color and two-color interactions, we have
arrived at the Ward-Takahashi identities that contains the anomalous terms and
the corresponding, gauge invariant, anomalous Ward-Takahashi identities, derived
first by 3, using other methods.
We have showed that the quantum anomaly is associated to one-color interac-
tions, as a consequence of the fact such interactions are related to axial vectors,
while two-color interactions are associated to one-side vectors. More appropriatelly
in 1 + 1, the zero-component of axial vector is related to the chiral symmetry and
the one-component to the charge conservation.
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